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Abstract
We develop the functional Itoˆ/path-dependent calculus with respect to fractional Brow-
nian motion with Hurst parameter H > 1
2
. Firstly, two types of integrals are studied.
The first type is Stratonovich integral, and the second type is Wick-Itoˆ-Skorohod integral.
Then we establish the functional Itoˆ formulas for fractional Brownian motion, which ex-
tend the functional Itoˆ formulas in Dupire (2009) and Cont and Fournie´ (2013) to the case
of non-semimartingale. Finally, as an application, we deal with a class of fractional back-
ward stochastic differential equations (BSDEs). A relation between fractional BSDEs and
path-dependent partial differential equations (PDEs) is established.
Keywords: Functional Itoˆ calculus; Functional Itoˆ formula; Fractional Brownian motion;
Fractional BSDE; Path-dependent PDE
2010 Mathematics Subject Classification: 60H05; 60H07; 60G22
1 Introduction
Recently, a new branch of stochastic calculus has appeared, known as functional Itoˆ calculus,
which is an extension of classical Itoˆ calculus to functionals depending on all pathes of a stochas-
tic process and not only on its current values, see Dupire [8] for the initial point of view and
Cont and Fournie´ [6, 7] for further developed results. A new type of functional Itoˆ formulas
for semimartingale was also established in [8, 7]. Since then, both the theory and application
of the functional Itoˆ calculus have been paid very strong attention. We refer to Buckdahn, Ma
and Zhang [3], Cosso and Russo [4], Ekren et al. [12], Ekren, Touzi and Zhang [13, 14], Keller
and Zhang [21], Peng and Wang [26], and Tang and Zhang [28] etc., for recent developments on
functional Itoˆ calculus for semimartingale.
As we know that Itoˆ formula is an important ingredient and a powerful tool in Itoˆ calculus,
it is a natural and curious question if there is a functional Itoˆ formula for non-semimartingale.
It is well-known that fractional Brownian motion (fBm, for short) is not a semimartingale and
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plays an increasingly important role in many fields such as hydrology, economics and telecom-
munications. Hence, it is a significant and challenging problem to develop the functional Itoˆ
calculus with respect to fractional Brownian motion, especially to establish the functional Itoˆ
formula for fractional Brownian motion. The functional Itoˆ formula with respect to a process
with finite quadratic variation was derived in Cont and Fournieˆ [6] by using the discretization
techniques of Fo¨llmer [15] type, where the integral is Fo¨llmer integral and the integrand is
non-anticipative. Cosso and Russo [4] also obtained a functional Itoˆ formula with respect to a
process with finite quadratic variation via regularization approach, where they considered the
forward integral (Russo-Vollois integral [27]).
Fractional Brownian motion with Hurst parameter H ∈ (0, 1) is a zero mean Gaussian
process BH = {BH(t), t ≥ 0} whose covariance is given by
E
[
BH(t)BH(s)
]
=
1
2
(t2H + s2H − |t− s|2H). (1.1)
If H = 12 , then the corresponding fractional Brownian motion is a classical Brownian motion.
When H > 12 , the process B
H exhibits a long range dependence. These properties make the
fractional Brownian motion to be a useful driving noise in models arising in finance, physics,
telecommunication networks and other fields. However, since the fractional Brownian motion is
not a semimartingale, the beautiful classical theory of stochastic calculus can not be applied to
fractional Brownian motion. As we know, there are essentially several different approaches in
the literature in order to define stochastic integrals with respect to the fBm. For example, Lin
[22] and Dai and Heyde [11] introduced a stochastic integral as the limit of Riemann sums in the
case H > 12 , and an Itoˆ formula for fractional Brownian motion was obtained in [11]. Za¨hle [29]
introduced a pathwise stochastic integral with respect to the fBm with parameter H ∈ (0, 1).
The techniques of Malliavin calculus have firstly been used to develop the stochastic calculus for
the fBm in the pioneering work of Decreusefond and U¨stu¨nel [9]. Along this way, this idea has
been developed by many authors including theories and applications. We refer to the works of
Alo`s, Mazet and Nualart [1], Carmona and Coutin [5], Duncan, Hu and Pasik-Duncan [10], Hu,
Jolis and Tindel [16], Hu, Nualart and Song [17], Hu and Øksendal [18], Hu and Peng [20], and
Nualart [25] among others. The advantage of the integral constructed by this method is that it
has zero mean, and can be obtained as the limit of Riemann sums defined using Wick products.
In this paper, the functional Itoˆ calculus with respect to fractional Brownian motion with
Hurst parameterH > 12 is developed. We firstly study two types of functional integrals. The first
type of integrals is Stratonovich integral with respect to ca`dla`g (right continuous with left limits)
process. In particular, we discuss this kind of integral with respect to classical Brownian motion
and fractional Brownian motion respectively. The second type is Wick-Itoˆ-Skorohod integral
with respect to fractional Brownian motion. We emphasize that the integrands are allowed to
be anticipative. The mutual relations between these types of integrals are studied. It should be
noted that there is a little difference in the relation between Itoˆ integral and Stratonovich integral
comparing with the classical case that they are both driven by classical Brownian motion. Then
we establish the functional Itoˆ formulas with respect to fractional Brownian motion, where the
integrals are of Stratonovich type and Wick-Itoˆ-Skorohod type respectively, which extend the
functional Itoˆ formulas for semimartingale (see Dupire [8] and Cont and Fournie´ [7]) to the case
of non-semimartingale.
We point out that the proof to Theorem 3 in Cont and Fournie´ [6] is nonprobabilistic, while
the approach to the first functional Itoˆ formula (Theorem 3.8 below) is probabilistic. The integral
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in the second functional Itoˆ formula (Theorem 4.5 below) is Wick-Itoˆ-Skorohod integral, which
is different from the Fo¨llmer integral in Cont and Fournie´ [6]. Moreover, the approach to obtain
Theorem 4.5 is Malliavin calculus approach. In fact, our functional Itoˆ formulas are also different
to the ones obtained in Cosso and Russo [4] since the type of integrals and the approaches used
in this paper are also different from Cosso and Russo [4]. Finally, as an application, we deal
with a class of fractional backward stochastic differential equations (BSDEs, for short). A
relation between fractional BSDEs with path-dependent coefficients and path-dependent partial
differential equations (PDEs, for short) is also established.
This paper is organized as follows. In Section 2, some existing results about functional
Itoˆ calculus and fractional Brownian motion are presented. Section 3 is devoted to studying
Stratonovich type integral with respect to classical Brownian motion and fractional Brownian
motion respectively. A functional Itoˆ formula for fractional Brownian motion is also established
in this section. Wick-Itoˆ-Skorohod type integral with respect to the fractional Brownian motion
is discussed in Section 4. In Section 5, we deal with the fractional BSDEs with path-dependent
coefficients.
2 Preliminaries
In this section, we recall some basic notions and results about functional Itoˆ calculus and frac-
tional Brownian motion theory, which are needed in the sequels. The readers may refer to the
articles such as Dupire [8], Cont and Fournie´ [7], Duncan et al. [10], Hu and Øksendal [18] and
Hu and Peng [20] for more details.
2.1 Functional Itoˆ calculus
Let T > 0 be fixed. For each t ∈ [0, T ], we denote Λt the set of bounded ca`dla`g R-valued
functions on [0, t] and Λ =
⋃
t∈[0,T ] Λt. For each γ ∈ ΛT , the value of γ at time t is denoted by
γ(t) and the path of γ up to time t is denoted by γt, i.e., γt = γ(r)0≤r≤t ∈ Λt. It is easy to see
that γ(r) = γt(r), for r ∈ [0, t]. For each γt ∈ Λ, s ≥ t and h ∈ R, we denote
γht (r) := γ(r)1[0,t)(r) + (γ(t) + h)1{t}, r ∈ [0, t],
γt,s(r) := γ(r)1[0,t)(r) + γ(t)1[t,s](r), r ∈ [0, s].
It is clear that γht ∈ Λt and γt,s ∈ Λs. For each 0 ≤ t ≤ s ≤ T and γt, γs ∈ Λ, we denote
‖γt‖ := sup
r∈[0,t]
|γt(r)|,
‖γt − γs‖ := sup
r∈[0,s]
|γt,s(r)− γs(r)|,
d∞(γt, γs) := ‖γt − γs‖+ |t− s|.
It is obvious that Λt is a Banach space with respect to ‖ · ‖. Since Λ is not a linear space, d∞
is not a norm.
Now consider a function F on (Λ, d∞). This function F = F (γ
h
t ) can be regarded as a family
of real valued functions:
F (γht ) = F (t, γ(s)0≤s<t, γ(t) + h), γt ∈ Λt, t ∈ [0, T ], h ∈ R.
It is also important to understand F (γht ) as a function of t, γ(s)0≤s<t, γ(t) and h.
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Definition 2.1. A functional F defined on Λ is said to be continuous at Xt ∈ Λ, if for any ε > 0
there exists δ > 0 such that for each Ys ∈ Λ with d∞(Xt, Ys) < δ, we have |F (Xt)− F (Ys)| < ε.
F is said to be Λ-continuous if it is continuous at each Xt ∈ Λ.
Definition 2.2. Let F : Λ → R and Xt ∈ Λ be given. The horizontal derivative of F at Xt is
defined as
∆tF (Xt) = lim
h→0+
F (Xt,t+h)− F (Xt)
h
if the corresponding limit exists. If F is horizontally differentiable at each Xt ∈ Λ, we say F is
horizontally differentiable in Λ.
Definition 2.3. Let F : Λ → R and Xt ∈ Λ be given. The vertical derivative of F at Xt is
defined as
∆xF (Xt) = lim
h→0
F (Xht )− F (Xt)
h
if the corresponding limit exists. F is said to be vertically differentiable in Λ if the vertical
derivative of F at each Xt ∈ Λ exists. We can similarly define ∆xxF (Xt).
Definition 2.4. Define Cj,k(Λ) as the set of functionals F defined on Λ which are j orders
horizontally and k orders vertically differentiable in Λ such that all these derivatives are Λ-
continuous.
Example 1. If F (Xt) = f(t,X(t)), with f ∈ C
1,2([0, T ] × R), then
∆tF = ∂tf, ∆xF = ∂xf, ∆xxF = ∂xxf,
which are the classic derivatives. In general, these derivatives also satisfy the classic properties:
Linearity, product and chain rule.
Definition 2.5. For a functional F from Λ→ R, the functional Itoˆ type integral is defined as∫ T
0
F (Xt)dX(t) := lim
n→∞
n∑
i=1
F (Xti−1)(X(ti)−X(ti−1)) (2.1)
if the limit exists, where 0 = t0 < t1 < ... < tn = T is a partition of [0, T ].
The following functional Itoˆ formula was firstly obtained by Dupire [8] and then by Cont
and Fournie´ [7] for a more general formulation.
Theorem 2.6. Let (Ω,F , (Ft)t∈[0,T ], P ) be a probability space and W be a classical Brownian
motion. Let X be an Itoˆ process of the form
X(t) = X(0) +
∫ t
0
ψ(s)ds +
∫ t
0
ϕ(s)dW (s), (2.2)
where X(0) is a constant, ψ(t) and ϕ(t) are progressively measurable processes and satisfying
E
∫ T
0 (|ψ(t)|
2 + |ϕ(t)|2)dt <∞. If F is in C1,2(Λ), then for each t ∈ [0, T ],
F (Xt) = F (X0) +
∫ t
0
∆sF (Xs)ds +
∫ t
0
∆xF (Xs)ψ(s)ds
+
∫ t
0
∆xF (Xs)ϕ(s)dW (s) +
1
2
∫ t
0
∆xxF (Xs)ϕ(s)
2ds.
(2.3)
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2.2 Fractional Brownian motion
Let Ω = C0([0, T ]) be the space of continuous functions ω from [0, T ] to R with ω(0) = 0, and
let (Ω,F , P ) be a complete probability space. The coordinate process BH : Ω→ R defined as
BH(t, ω) = ω(t), ω ∈ Ω
is a Gaussian process satisfying (1.1). The process BH = {BH(t), t ≥ 0} is called the canonical
fractional Brownian motion with Hurst parameter H ∈ (0, 1). When H = 12 , this process is
the classical Brownian motion denoted by {W (t), t ≥ 0}. It is elementary to verify that the
fractional Brownian motions BH are not semi-martingales if H 6= 12 . Throughout this paper we
assume that H ∈ (12 , 1) is arbitrary but fixed.
Let L2(Ω,F , P ) be the space of all random variables F : Ω → R such that E[|F |2] < ∞.
Denote φ(x) = H(2H − 1)|x|2H−2, x ∈ R. Let ξ and η be two continuous functions on [0, T ].
We define
〈ξ, η〉t =
∫ t
0
∫ t
0
φ(u− v)ξ(u)η(v)dudv,
and ‖ξ‖2t = 〈ξ, ξ〉t. Note that, for any t ∈ [0, T ], 〈ξ, η〉t is a Hilbert scalar product. Let H be
the completion of the continuous functions under this Hilbert norm. The elements of H may be
distributions. Let |H| be the linear space of measurable functions ξ on [0, T ] such that
‖ξ‖2|H| =
∫ T
0
∫ T
0
φ(u− v)|ξ(u)||ξ(v)|dudv.
It is not difficult to show that |H| is a Banach space with the norm ‖ · ‖|H|. Let PT be the set of
all polynomials of fractional Brownian motion in [0, T ], i.e., it contains all elements of the form
F (ω) = f
(∫ T
0
ξ1(t)dB
H(t), ...,
∫ T
0
ξn(t)dB
H(t)
)
,
where n ≥ 1, f ∈ C∞b (R
n) (f and all its partial derivatives are bounded). The Malliavin
derivative operator DHs of an element F ∈ PT is defined as follows:
DHs F =
n∑
i=1
∂f
∂xi
(∫ T
0
ξ1(t)dB
H(t), ...,
∫ T
0
ξn(t)dB
H(t)
)
ξi(s), s ∈ [0, T ]. (2.4)
Since the divergence operator DH : L2(Ω,F , P ) → (Ω,F ,H) is closable, we can consider the
space D1,2 be the completion of PT with the norm
‖F‖21,2 = E|F |
2 + E‖DHs F‖
2
T .
In a similar way, given a Hilbert space V we denote by D1,2(V ) the corresponding Sobolev space
of V -valued random variables. We also introduce another derivative
D
φ
t F =
∫ T
0
φ(t− s)DHs Fds.
Proposition 2.7 (Duncan et al. [10]). Let g ∈ H, F and 〈DHF, g〉T belong to L
2(Ω,F , P ),
then
F ⋄
∫ T
0
g(t)dBH (t) = F
∫ T
0
g(t)dBH(t)− 〈DHF, g〉T , (2.5)
where “⋄” denotes the Wick product.
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Proposition 2.8 (Duncan et al. [10]). If F (s) is a continuous stochastic process such that
E
[
‖F‖2T +
( ∫ T
0 D
φ
sF (s)ds
)2]
<∞, then the Wick-Itoˆ-Skorohod type stochastic integral∫ T
0
F (s) ⋄ dBH(s) := lim
n→0
n∑
i=1
F (ti−1) ⋄ (B
H(ti)−B
H(ti−1)) (2.6)
exists in L2(Ω,F , P ). Moreover, we have E
∫ T
0 F (s) ⋄ dB
H(s) = 0, and
E|
∫ T
0
F (s) ⋄ dBH(s)|2 = E
[
‖F‖2T +
( ∫ T
0
DφsF (s)ds
)2]
.
3 Stratonovich type integral
In this section, we study Stratonovich type integral with respect to ca`dla`g functions.
Definition 3.1. For a functional F from Λ→ R, the Stratonovich type integral is defined as∫ T
0
F (Xt) ◦ dX(t) := lim
n→∞
n∑
i=1
F (X ti−1+ti
2
)(X(ti)−X(ti−1)) (3.1)
whenever the limit exists in the sense of L2(Ω,F , P ), where 0 = t0 < t1 < ... < tn = T is a
partition of [0, T ]. It is actually a classical Stratonovich type integral as the integrand is adapted.
Next we discuss the Stratonovich type integral driven by classical Brownian motion and
fractional Brownian motion respectively.
3.1 The case of classical Brownian motion
We firstly study the relation between Stratonovich integral (3.1) and Itoˆ integral (2.1). It points
out that there is a little difference for the relation between Itoˆ integral and Stratonovich integral
comparing with the classical case.
Suppose F : Λ → R is both Itoˆ integrable and Stratonovich integrable with respect to
classical Brownian motion. Let pi : 0 = t0 < t1 < t2 < · · · < tn = T be a partition of the interval
[0, T ]. From the definition, we have∫ T
0
F (Wt) ◦ dW (t) = lim
n→∞
n∑
i=1
F (W ti−1+ti
2
)(W (ti)−W (ti−1))
= lim
n→∞
[ n∑
i=1
F (W ti−1+ti
2
)(W (ti)−W (
ti−1 + ti
2
))
+
n∑
i=1
(
F (W ti−1+ti
2
)− F (Wti−1)
)(
W (
ti−1 + ti
2
)−W (ti−1)
)
+
n∑
i=1
F (Wti−1)
(
W (
ti−1 + ti
2
)−W (ti−1)
)]
=: lim
n→∞
(An1 +A
n
2 +A
n
3 ). (3.2)
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It is easy to see that
lim
n→∞
(An1 +A
n
3 ) =
∫ T
0
F (Wt)dW (t).
For the second term An2 in the right hand side of (3.2), for simplicity, we denote
tii−1 =
ti−1 + ti
2
, δtii−1 = t
i
i−1 − ti−1, δW
i
i−1 =W (t
i
i−1)−W (ti−1).
Define
Yti
i−1
(s) = W (s)1[0,ti−1)(s) +W (ti−1)1[ti−1,tii−1)
(s) +W (tii−1)1{ti
i−1
},
Zti
i−1
(s) = W (s)1[0,ti−1)(s) +W (ti−1)1[ti−1,tii−1]
(s).
If F ∈ C1,1(Λ), then
An2 =
n∑
i=1
(
F (Wti
i−1
)− F (Wti−1)
)
δW ii−1
=
n∑
i=1
[
F (Wti
i−1
)− F (Yti
i−1
) + F (Yti
i−1
)− F (Zti
i−1
) + F (Zti
i−1
)− F (Yti−1)
]
δW ii−1
=
n∑
i=1
[(
F (Wti
i−1
)− F (Yti
i−1
)
)
+∆xF (Z
hi
ti
i−1
)δW ii−1 +∆tF (Yti−1,yi)δt
i
i−1
]
δW ii−1
=: An2,1 +A
n
2,2 +A
n
2,3, (3.3)
where hi ∈ (0, δW
i
i−1) and yi ∈ (0, δt
i
i−1). By Λ-continuity of F , the term A
n
2,1
n
−→ 0. Similarly,
by ordinary dominated convergence,
An2,2 =
n∑
i=1
∆xF (Z
hi
ti
i−1
)(δW ii−1)
2 n−→
1
2
∫ T
0
∆xF (Wt)dt.
For the term An2,3, it converges to 0 in the sense of mean square. In fact,
E
[( n∑
i=1
∆tF (Yti−1,yi)δt
i
i−1δW
i
i−1
)2]
=
n∑
i=1
E
(
∆tF (Yti−1,yi)
)2
(δtii−1)
3 n−→ 0.
We conclude from above:∫ T
0
F (Wt) ◦ dW (t) =
∫ T
0
F (Wt)dW (t) +
1
2
∫ T
0
∆xF (Wt)dt.
Remark 3.2. It is interesting for the emergence of the term An2,3 in (3.3), which is non-existent
in the classical case. Although the term An2,3 is zero as n → ∞, we need F ∈ C
1,1(Λ), not in
C
0,1(Λ) of the classical case.
From the above discussion, we directly have the following result.
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Proposition 3.3. Let F be a functional belongs to C1,1(Λ), if {X(t), t ≥ 0} is an Itoˆ process
defined in (2.2), then∫ T
0
F (Xt) ◦ dW (t) =
∫ T
0
F (Xt)dW (t) +
1
2
∫ T
0
∆xF (Xt)ϕ(t)dt.
As a consequence of the above proposition, recalling Theorem 2.6, it is easy to obtain the
following functional Itoˆ-Stratonovich formula.
Theorem 3.4. Suppose F ∈ C1,2(Λ), and X is a stochastic process of the form
X(t) = X(0) +
∫ t
0
ψ(s)ds +
∫ t
0
ϕ(s) ◦ dW (s),
where X(0) is a constant, ψ and ϕ are two progressively measurable processes satisfying
E
[∫ T
0
|ψ(t)|2dt+
∫ T
0
|ϕ(t)|2dt
]
<∞,
then
F (Xt) = F (X0) +
∫ t
0
∆sF (Xs)ds+
∫ t
0
∆xF (Xs)ψ(s)ds +
∫ t
0
∆xF (Xs)ϕ(s) ◦ dW (s)
= F (X0) +
∫ t
0
∆sF (Xs)ds+
∫ t
0
∆xF (Xs) ◦ dX(s).
Remark 3.5. One similar (but different) functional Itoˆ-Stratonovich formula for classical Brom-
tion motion is presented in Buckdahn et al. [3], where they consider the “path-derivatives”.
3.2 The case of fractional Brownian motion
In this subsection, we study the Stratonovich type integral with respect to the fractional Brow-
nian motion. The classical Stratonovich integral driven by fractional Brownian motion has been
studied by Alo`s and Nualart [2], where it is equivalent to that of Russo-Vallois integral [27].
Similar to the discussion of Subsection 3.1, it’s easy to obtain the following relation between
Stratonovich integral and Itoˆ integral when they are both driven by the fBm.
Proposition 3.6. Let F ∈ C1,1(Λ) and {X(t), t ≥ 0} be a stochastic process of the form (3.4)
below, then ∫ T
0
F (Xt) ◦ dB
H(t) =
∫ T
0
F (Xt)dB
H(t).
Remark 3.7. The above proposition implies that for the fractional Brownian motion, the
Stratonovich type integral (3.1) is equivalent to the Itoˆ type integral (2.1). In fact, similar
to the classical case, the Stratonovich type integral (3.1) with respect to the fractional Brownian
motion is also equivalent to the Russo-Vallois integral.
In the following, when consider the fractional Brownian motion, we don’t distinguish Stratonovich
type integral and Itoˆ type integral since they are equivalent, and we continue to use the notation
of Stratonovich integral in order to keep uniformity. Next, we give a functional Itoˆ formula for
the fractional Brownian motion.
Functional Itoˆ formula for fractional Brownian motion 9
Let {X(t), 0 ≤ t ≤ T} be a stochastic process of the form
X(t) = X(0) +
∫ t
0
ψ(s)ds +
∫ t
0
ϕ(s) ◦ dBH(s), (3.4)
where X(0) is a constant, ψ(t, ω) and ϕ(t, ω) : [0, T ]×Ω→ R are two progressively measurable
processes with ϕ is Stratonovich integrable, such that
E
[∫ T
0
|ψ(t)|2dt+
∫ T
0
|ϕ(t)|2dt
]
<∞.
Theorem 3.8. Let {X(t), 0 ≤ t ≤ T} be defined in (3.4). If F ∈ C1,2(Λ), then for any T ≥ 0,
F (XT ) = F (X0) +
∫ T
0
∆tF (Xt)dt+
∫ T
0
∆xF (Xt)ψ(t)dt +
∫ T
0
∆xF (Xt)ϕ(t) ◦ dB
H(t). (3.5)
Proof. We take a sequence of nested subdivisions of [0, T ], pi : 0 = t0 < t1 < ... < tn = T .
Define
Yti(s) =
i∑
j=1
X(tj−1)I[tj−1,tj)(s) +X(ti)I{ti}, Zti(s) =
i∑
j=1
X(tj−1)I[tj−1,tj)(s) +X(ti−1)I{ti}.
Moreover, we denote
δti = ti − ti−1, δB
H
i = B
H(ti)−B
H(ti−1), δXi = X(ti)−X(ti−1).
Since ψ(t) and ϕ(t) are elementary functions, we may wish to set ψ(t) =
∑
i
ψ(ti−1)I[ti−1,ti) and
ϕ(t) =
∑
i
ϕ(ti−1)I[ti−1,ti), then
δXi =
∫ ti
ti−1
ψ(s)ds +
∫ ti
ti−1
ϕ(s)dBH(s) = ψ(ti−1)δti + ϕ(ti−1)δB
H
i .
Notice that Y0 = Z0 = X0, then
F (XT )− F (X0) = F (XT )− F (Ytn) +
n∑
i=1
(F (Yti)− F (Yti−1)).
Since F ∈ C1,2(Λ), from the Taylor’s theorem, we get the existence of hi ∈ (0, δXi) and yi ∈
(0, δti) such that,
F (Yti)− F (Yti−1) = F (Yti)− F (Zti) + F (Zti)− F (Yti−1)
= ∆xF (Zti)δXi +
1
2
∆xxF (Z
hi
ti
)(δXi)
2 +∆tF (Yti−1,yi)δti.
Hence, we get
F (XT )− F (X0) = A
n
1 +A
n
2 +A
n
3 +
1
2
An4 +A
n
5 ,
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where
An1 = F (XT )− F (Ytn),
An2 =
n∑
i=1
∆xF (Zti)ψ(ti−1)δti,
An3 =
n∑
i=1
∆xF (Zti)ϕ(ti−1)δB
H
i ,
An4 =
n∑
i=1
∆xxF (Z
hi
ti
)(δXi)
2,
An5 =
n∑
i=1
∆tF (Yti−1,yi)δti.
For term An1 : Since X(t) is continuous on interval [0, T ], hence uniformly continuous, and Ytn
converges uniformly (in the Λ-distance) to XT . By Λ-continuity of F , we have A
n
1
n
−→ 0.
Similarly, for terms An2 , A
n
3 and A
n
5 : When t ∈ [ti−1, ti), it is easy to know
∆xF (Zti)
n
−→ ∆xF (Xt); ∆tF (Yti−1,yi)
n
−→ ∆tF (Xt).
Hence, by ordinary dominated convergence,
An2 =
n∑
i=1
∆xF (Zti)ψ(ti−1)δti
n
−→
∫ T
0
∆xF (Xt)ψ(t)dt,
An3 =
n∑
i=1
∆xF (Zti)ϕ(ti−1)δB
H
i
n
−→
∫ T
0
∆xF (Xt)ϕ(t)dB
H(t),
An5 =
n∑
i=1
∆tF (Yti−1,yi)δti
n
−→
∫ T
0
∆tF (Xt)dt.
Next, we consider the term An4 ,
An4 =
n∑
i=1
∆xxF (Z
hi
ti
)ψ(ti−1)
2(δti)
2 + 2
n∑
i=1
∆xxF (Z
hi
ti
)ψ(ti−1)ϕ(ti−1)δtiδB
H
i
+
n∑
i=1
∆xxF (Z
hi
ti
)ϕ(ti−1)
2(δBHi )
2
= : An4,1 +A
n
4,2 +A
n
4,3.
It’s easy to see that An4,1
n
−→ 0. Since 12 < H < 1, the quadratic variation of the fractional
Brownian motion is zero. Hence An4,2 and A
n
4,3 also converge to 0 as n → ∞. Therefore,
An4
n
−→ 0. Our desired result is proved.
Remark 3.9. The above proof is probabilistic and makes use of the proof of classical Itoˆ formula.
A nonprobabilistic proof of a general result, i.e., a functional Itoˆ formula with respect to a process
with finite quadratic variation, was established in Cont and Fournieˆ [6]. Cosso and Russo [4]
also obtained a functional Itoˆ formula with respect to a process with finite quadratic variation
via regularization approach.
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4 Wick-Itoˆ-Skorohod type integral
In this section, we study the Wick-Itoˆ-Skorohod type integral with respect to fractional Brownian
motion via Malliavin calculus approach. It’s noted that the Stratonovich type integral
∫ t
0 F (Xt)◦
dBH(t) does not satisfy the following property:
E
∫ t
0
F (Xt) ◦ dB
H(t) = 0.
In this section, we study a new type of stochastic integral
∫ t
0 F (Xt) ⋄ dB
H(t) satisfying
E
∫ t
0
F (Xt) ⋄ dB
H(t) = 0.
In particular, we consider the simple case, i.e., the integrand F = F (BHt ). For general case of
the integrand, some further studies will be given in the coming future researches.
Definition 4.1. Let F : Λ → R be Λ-continuous and vertical differentiable in Λ. For any fixed
t ∈ [0, T ], the Malliavin derivative of F = F (BHt ) is defined as:
DHs F = ∆xF (B
H
t )I[0,t](s), 0 ≤ s ≤ T. (4.1)
By using a similar method, we can check that the special Malliavin derivative DHF defined
in (4.1) satisfies (2.5), and the Wick-Itoˆ-Skorohod type stochastic integral, similar to (2.6), is
defined as ∫ T
0
F (BHt ) ⋄ dB
H(t) := lim
n→0
n∑
i=1
F (BHti−1) ⋄ (B
H(ti)−B
H(ti−1)) (4.2)
in the sense of L2(Ω,F , P ), where 0 = t0 ≤ t1 ≤ ... ≤ tn = T is the partition of the interval
[0.T ]. It satisfies the property E
( ∫ T
0 F (B
H
t ) ⋄ dB
H(t)
)
= 0. In fact,
E
(
n∑
i=1
F (BHti−1) ⋄ (B
H(ti)−B
H(ti−1))
)
=
n∑
i=1
E
[
F (BHti−1) ⋄
(
BH(ti)−B
H(ti−1)
)]
=
n∑
i=1
E
[
F (BHti−1)
]
E
[
BH(ti)−B
H(ti−1)
]
= 0.
For the integral (4.2), it owns a similar result to Proposition 2.8. Since the proof is identical to
the proof of Proposition 2.8, we omit the details and only state the main result for simplicity of
presentation.
Theorem 4.2. If F = F (BHt ) is Λ-continuous such that
E
[( ∫ T
0
DφsF (B
H
s )ds
)2
+
∫ T
0
∫ T
0
φ(u− v)F (BHu )F (B
H
v )dudv
]
<∞, (4.3)
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then the integral (4.2) exists in L2(Ω,F , P ). Moreover,
E
∫ T
0
F (BHs ) ⋄ dB
H(s) = 0,
and
E|
∫ T
0
F (BHs ) ⋄ dB
H(s)|2 = E
[( ∫ T
0
DφsF (B
H
s )ds
)2
+
∫ T
0
∫ T
0
φ(u− v)F (BHu )F (B
H
v )dudv
]
.
The following proposition is a relation between Wick-Itoˆ-Skorohod integral and Stratonovich
integral. It was an extension of Proposition 3.3 in Nualart [24] for the classical result.
Proposition 4.3. Let F : Λ→ R be in C1,1(Λ) such that F = F (BHt ) satisfies (4.3), then∫ T
0
F (BHt ) ⋄ dB
H(t) =
∫ T
0
F (BHt ) ◦ dB
H(t)−H
∫ T
0
∆xF (B
H
t )t
2H−1dt. (4.4)
Proof. Let pi : 0 = t0 ≤ t1 ≤ ... ≤ tn = T be a partition of the interval [0.T ]. The formula (2.5)
yields that
n∑
i=1
F (BHti−1) ⋄ (B
H(ti)−B
H(ti−1))
=
n∑
i=1
F (BHti−1)(B
H(ti)−B
H(ti−1))−
n∑
i=1
〈DHs F (B
H
ti−1
), I[ti−1,ti]〉T ,
where DHs F (B
H
ti−1
) = ∆xF (B
H
ti−1
)I[0,ti−1](s) and notice Proposition 3.6. We have
∆xF (B
H
ti−1
)〈I[0,ti−1], I[ti−1,ti]〉T
=∆xF (B
H
ti−1
)
(
〈I[0,ti−1], I[0,ti]〉T − 〈I[0,ti−1], I[0,ti−1]〉T
)
=
1
2
∆xF (B
H
ti−1
)
[
t2Hi − t
2H
i−1 − (ti − ti−1)
2H
]
=
1
2
∆xF (B
H
ti−1
)
[
2Htˆ2H−1i−1 (ti − ti−1)− (ti − ti−1)
2H
]
,
where tˆi−1 ∈ (ti−1, ti). It is easy to know that (ti − ti−1)
2H = o(ti − ti−1)
n
→ 0. Then
n∑
i=1
〈DHs F (B
H
ti−1
), I[ti−1,ti]〉T
n
−→ H
∫ T
0
∆xF (B
H
t )t
2H−1dt.
This completes the proof.
Remark 4.4. Formula (4.4) leads to the following equation for the expectation of the integral
(2.1) with respect to fBm:
E
∫ T
0
F (BHt ) ◦ dB
H(t) = H
∫ T
0
E(∆xF (B
H
t ))t
2H−1dt.
From Theorem 3.8 and Proposition 4.3, we directly obtain the following functional Itoˆ for-
mula for Wick-Itoˆ-Skorohod integral.
Theorem 4.5. Suppose F ∈ C1,2(Λ) such that F (BHt ) satisfies (4.3), then
F (BHT ) = F (B
H
0 ) +
∫ T
0
∆tF (B
H
t )dt+
∫ T
0
∆xF (B
H
t ) ⋄ dB
H(t) +H
∫ T
0
∆xxF (B
H
t )t
2H−1dt.
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5 Fractional BSDE
As an application, in this section we study the fractional BSDEs with path-dependent co-
efficients. We solve this class of fractional BSDEs by using a type of semilinear parabolic
path-dependent PDEs. The approach is based on a relationship between fractional BSDEs and
semilinear PDEs. For the recent developments of semilinear parabolic path-dependent PDEs we
refer the readers to Ekren et al. [12, 13, 14].
Denote VT = {Y (t) = φ(γt)|φ ∈ C
1,2(Λ), ∀t ∈ [0, T ]}, and let V˜T be the completion of VT
under the following β-norm:
‖Y ‖2β = E
∫ T
0
eβt|Y (t)|2dt = E
∫ T
0
eβt|φ(γt)|
2dt.
Consider the following fractional BSDE with path-dependent coefficient:{
dY (t) = −f(BHt , Y (t), Z(t))dt − Z(t) ⋄ dB
H(t), 0 ≤ t ≤ T,
Y (T ) = g(BHT ).
(5.1)
A pair of Ft-adapted stochastic processes {(Y (t), Z(t)); 0 ≤ t ≤ T} is called a solution to the
above equation if
Y (t) = g(BHT ) +
∫ T
t
f(BHs , Y (s), Z(s))ds +
∫ T
t
Z(s) ⋄ dBH(s), 0 ≤ t ≤ T.
We want to show that a solution in V˜T to the above fractional BSDE exists uniquely.
In (5.1), for the case of f(BHt , Y (t), Z(t)) = f(B
H(t), Y (t), Z(t)) and g(BHT ) = g(B
H(T )),
the existence and uniqueness theorem has been obtained by Hu and Peng [20]. If we consider
classical Brownian motion instead of the fractional Brownian motion in (5.1), it was also systemic
studied by Peng and Wang [26].
Consider the following semilinear parabolic path-dependent PDE:{
∆tu(γt) + σ(t)∆xxu(γt) + f(γt, u(γt),−∆xu(γt)) = 0, γt ∈ Λt, t ∈ [0, T ),
u(γ) = g(γ), γ ∈ ΛT ,
(5.2)
where σ(t) = Ht2H−1. By applying Theorem 4.5 to u(BHt ), we have
du(BHt ) =
[
∆tu(B
H
t ) + σ(t)∆xxu(B
H
t )
]
dt+∆xu(B
H
t ) ⋄ dB
H(t)
=− f(BHt , u(B
H
t ),−∆xu(B
H
t ))dt+∆xu(B
H
t ) ⋄ dB
H(t),
Thus we obtain the following theorem.
Theorem 5.1. If PDE (5.2) has a solution u which belongs to C1,2(Λ), then (Y (t), Z(t)) :=
(u(BHt ),−∆xu(B
H
t )) is a solution of the fractional BSDE (5.1).
For a pair of solutions of Eq. (5.1), we derive the following relation.
Proposition 5.2. Let BSDE (5.1) has a solution of the form (Y (t) = u(BHt ), Z(t) = v(B
H
t )),
where u ∈ C1,2(Λ). Then −∆xu(B
H
t ) = v(B
H
t ).
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Proof. By the functional Itoˆ formula we have
du(BHt ) =
[
∆tu(B
H
t ) + σ(t)∆xxu(B
H
t )
]
dt+∆xu(B
H
t ) ⋄ dB
H(t).
Or we can rewrite as
u(BHt ) = g(B
H
T )−
∫ T
t
[
∆su(B
H
s ) + σ(s)∆xxu(B
H
s )
]
ds−
∫ T
t
∆xu(B
H
s ) ⋄ dB
H(s).
Hence
−
∫ T
t
[
∆su(B
H
s ) + σ(s)∆xxu(B
H
s )
]
ds−
∫ T
t
∆xu(B
H
s ) ⋄ dB
H(s)
=
∫ T
t
f(BHs , u(B
H
s ), v(B
H
s ))ds −
∫ T
t
v(BHs ) ⋄ dB
H(s).
This is also true for t = 0. Namely,
−
∫ T
0
[
∆su(B
H
s ) + σ(s)∆xxu(B
H
s )
]
ds−
∫ T
0
∆xu(B
H
s ) ⋄ dB
H(s)
=
∫ T
0
f(BHs , u(B
H
s ), v(B
H
s ))ds −
∫ T
0
v(BHs ) ⋄ dB
H(s).
Subtracting the above two equations, we deduce∫ t
0
[
∆su(B
H
s ) + σ(s)∆xxu(B
H
s ) + f(B
H
s , u(B
H
s ), v(B
H
s ))
]
ds
+
∫ t
0
[
∆xu(B
H
s ) + v(B
H
s )
]
⋄ dBH(s) = 0,
for all t ∈ [0, T ]. Then from Lemma 3.2 of Hu et al. [19], we obtain
v(BHt ) = −∆xu(B
H
t ), ∀t ∈ (0, T ).
This completes the proof.
Remark 5.3. From the above proof, we also see that if the semilinear PDE (5.2) has a unique
solution, then BSDE (5.1) also has a unique solution.
Similar to Hu and Peng [20] and Maticiuc and Nie [23], we can also use the Picard iteration
approach to prove the existence and uniqueness of solutions of BSDE (5.1). Here we just present
the result without the details proof.
Theorem 5.4. Let f(γ, y, z) be uniformly Lipschitz continuous with respect to γ, y and z. Let
g be Λ-continuously differentiable with bounded derivatives and of polynomial growth. Then the
fractional BSDE (5.1) has a unique solution in V˜T .
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6 Conclusions
In this paper, we developed a functional Itoˆ calculus for fractional Brownian motion with Hurst
parameter H > 12 . In particular, the Stratonovich type and Wick-Itoˆ-Skorohod type integrals
have been studied respectively. The main result is the functional Itoˆ formulas for fractional
Brownian motion. As an application, we dealt with the fractional BSDEs with path-dependent
coefficients. A relation between this type of fractional BSDEs and path-dependent PDEs was
also established. In the coming future researches, we would devote to develop the application
of the functional Itoˆ formulas that we established in this paper. The functional Itoˆ calculus for
fractional Brownian motion with Hurst parameter H < 12 is also another goal.
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